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REPRESENTATIONS OF MONOIDS ARISING FROM
FINITE GROUPS OF LIE TYPE

A. SALWA

ABSTRACT. A class of finite monoids M constructed from a group G of Lie type
is considered. We describe the irreducible complex representations and prove
the complete reducibility of the representations of M. The sandwich matrix
of M is decomposed into a product of matrices corresponding to maximal
parabolic subgroups of G.

1. INTRODUCTION

Monoids of Lie type were introduced in [7] as finite analogues of linear algebraic
monoids. They were used to solve the long-standing problem on the semisimplicity
of the complex algebra of the full matrix monoid M, (F,) over a finite field Fj,
[6]. Their connections with the representation theory and combinatorics of finite
groups of Lie type, via so called sandwich matrices, then became apparent and were
extensively studied in [9, 10, 12]. In particular, this approach has recently led to a
new explicit description of the Steinberg representation, [11] .

In this paper we consider three J-class monoids M = M(G,P,P~,L) = G U
JU{0} where G is the group of units and any two idempotents in .J are conjugate.
Moreover we assume that G is a finite group with a split BN-pair satisfying some
commutator relations. P, P~ are parabolic subgroups of G with a common Levi
factor L. In the case where P and P~ are opposite, these monoids are called
universal three J-class monoids of Lie type and give the local structure of any
monoid of Lie type, [7, 8]. We prove that the complex semigroup algebra Cy[M]
is semisimple in the general case. This is done by proving that certain C[M]-
modules are irreducible, which turns out to be equivalent to showing that some
homomorphisms of C[G]-modules are in fact isomorphisms. These homomorphisms
were used to construct the standard bases of Hecke algebras in the cuspidal case,
[4]. So the semisimplicity problem for Cy[M] is formulated in terms of group
representation theory. Moreover all irreducible representations of M are described
explicitly. In the last section certain decomposition of the sandwich matrix of M is
obtained. This reduces the problem of finding the inverse of this matrix to the case
where P and P~ are maximal and opposite. It is worth mentioning that this case
is crucial for the motivating example M = M,,(F;) which was considered in [5, 6].
In particular this shows that considering our class of monoids, wider than monoids
of Lie type, is natural since it allows an induction. Our techniques are built on
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representation theory of finite groups of Lie type. The monograph of Carter, [1],
will be the standard reference.

2. IRREDUCIBLE REPRESENTATIONS

We briefly review some basics of semigroup theory, see [2] for details. Let M be
a monoid (i.e. has an identity element). J will denote one of Green’s equivalence
relations on M : aJb if MaM = MbM. If J is a J-class of M, then define
J9 = JU{0} with

b ab if abe J,
@°%=1 0 otherwise.

If M is finite then J° is either a null semigroup or else a completely 0-simple
semigroup. Any completely 0-simple semigroup has a Rees representation
M(H, I,15,P) where H is a maximal subgroup and P is an Iy x I; sandwich
matrix with entries in H U {0}.

Let G be a finite group with subgroups P, P~ and homomorphisms ¢ : P —
L,6~ : P~ — L onto a finite group L such that 6 |pnp-=6" |pnp-. We can then
construct a finite three J-class monoid M = M(G,P,P~,L) = G U JU{0}. Here
J = (G x L x @)/ = with s1 = sy defined for s; = (z1,11,91), 52 = (x2,1l2,92) €
G x L x G by the conditions :1:2_1:151 € P, ygyl_1 € P~ and 6(:r2_1x1)l1 = 126_(y2y1_1).
For s = (x,1,y),5 = (7,1,7) € J,g € G the multiplication rule is given by:

o )@ )8gy) ifyT=pepe P qEP,
0 if yT ¢ P~P

sg = (z,l,yg9), gs=(g2,l,y).
Monoids of this type were defined and investigated by Putcha, cf. [8]. Consider the
coset decompositions G = |_|;-l:1 P~a; =", b;P, a1 =1,by = 1. Every element of
J is uniquely expressible in the form (b;,[, a;) where b;, a; are as above and [ € L.
If e denotes the idempotent (1,1,1), then J = GeG. We say that 5,5 € M are
conjugate if gsg~! =5 for some g € G. It is easy to see that any two idempotents
in J are conjugate. In some sense the converse is also true, cf. [8]. J is a J-
class of M and J° is a completely 0-simple semigroup. J° has a Rees presentation
M(L, I, I, P) where I} = {b1,ba,... ,bm}, Iz = {a1,a2,...,a,} and the sandwich
matrix P = (p;,;) is defined by
- { 5~ (p)8(q) if ajb; =pg,p€ P~,q € P,
7 0 if ajbi ¢ P~ P.

Note that P depends on the choice of coset representatives.

Let K be a field. By a representation of M we will mean a homomorphism
p: M — M,(K) such that p(1) = 1 and p(0) = 0. Let Ko[M] = K[M]/KO0y
denote the contracted semigroup algebra of M. Then the representations of M are
in a natural one-to-one correspondence with left Ko[M]-modules.

Let X be an irreducible K[L]-module. Let V' be the linear space over K with
basis b1, ba, ... ,by. Define X =V ® X , where the tensor product is over K. We
may give X the structure of a K[M]-module as follows :

5(bi @ ) = byy @ y(s,i)x for se€ M,z € X
where v(s,14), and s(i) if y(s,7) # 0, are defined by
S(blv 1) 1) = (bs(i)vv(svi)v 1) with 7(51 7’) €LU {0}
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(every (z,0, ) will be identified with zero of M, so s(#) need not be defined for
v(s,4) = 0). That the action is well-defined is obvious. We must show that
(1) s1[s2(b; @ )] = (s182)(b; ® x) for s, € M,z € X.

First, note that s2(b;, 1,1) = (bs, (i), v(2,%),1). Thus, if 0 # v(s2,i) = 67 (q) for
some ¢ € P~ , we have

(5152)(bi71a1) = 51(b52(z (527 )71) ( sz(i)vé_(Q)al)

= 51(bsyi)s 1, 1)q = (bs, (s5())» (51, 52(2)), 1)g = (bs, (s0(5))» Y (51, 52(2)) (q), 1)

= (bsy (s0(0))» Y (51, 52(4) )7 (52, ), 1).
The equality
(5152)(bi, 1,1) = (bsy (s5(3))> V(515 52(2)) 7 (52,7), 1)
also holds if y(s2,i) = 0. Furthermore (s152)(b;,1,1) = (b(s,s5)(i)> V(5152,7),1).
This implies that
s1(82(1)) = (s182)(2) if y(s182,%) # 0,

V(s1,52(2))v(s2,4) = (5152, %)
Therefore (1) follows :

s1[s2(b; @ )] = s1(bs, (i) @ V(52,9)T) = b, (s5()) @ V(51,52(7))7(52,9)7
= D(s,80) (i) @ V(5182,7)x = (5152)(bi ® ).

Note that X is related to Schutzenberger representations, [2, Section 3.5]. Our aim
is to describe irreducible representations of M explicitly in the case where Ky[M]
is semisimple. The general theory of representations of semigroups, [2, chapter 5],
cannot be applied since this requires the exact form of the inverse of P over K[L].
P~1 is known in some special cases only, cf. [9].

With the above notation we can state our first result.

Theorem 2.1. Assume that K is an algebraically closed field of characteristic zero
and |P~| > |P|. Then the monoid algebra Ko[M] is semisimple if and only if all
K[M]-modules X (for all irreducible K[L]-modules X ) are irreducible. Moreover,
in this case all irreducible K[M]-modules with e acting not as 0 are of this type.

Proof. Suppose first that all K[M]-modules X are irreducible. Let Wy, Wa, ... , W,
(V1,Va, ..., V; respectively) be representatives of isomorphism classes of irreducible
modules over K[G] (K[L]). Then Wy, Wa,... , W, are also K[M]-modules with
K[J] acting as zero. We will prove that K[M]-modules Wy, Ws,... W, V7,
Vsa,...,V, are pairwise nonisomorphic. It is sufficient to show that V # V;
for i # j. First, note that

(b;,1,1) = (b1,6=(p7)é(p),1) if b; = p~p for some p~ € P~,p€ P,
IR otherwise.

This gives e(1) = 1 if v(e,i) # 0. Hence e(b; ® ) = b1 @ v(e, i)z for € Vj, and
then eV C by ® Vi . Since e(by ® 2) = by @  for x € Vi , we have eV = by ® Vi.
Let us define ¢ : eV = by ® Vi — Vi by p(by @ v) = v,v € Vi. Then eV},
is a K[(1,L,1)] = K[L}]-module and ¢ is an isomorphism of K[L]-modules. If
K[M]-modules V;,V; are isomorphic, then K[L]-modules eV;, eV ; are isomorphic.
Hence K[L]-modules V;,V; are isomorphic and ¢ = j. Since K[G] is semisimple,
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S (dimg W;)? = |G|. We continue in this fashion, obtaining >;_, (dimg V;)? =
i (|G/P|dimk V;)? = |G/P|?|L| since K|[L] is semisimple. Hence
Z(dimx Wi)? + Z(dimK Vi)? > |G| +|G/P||L||G/P~| = dimg Ko[M].

i=1 i=1
This proves that Ko[M] is semisimple (|P| = |P~| in particular) and all irreducible
K[M]-modules are among Wy, Wa,... ., W,., V1, Va, ..., V.

Conversely, assume that Ko[M] is semisimple. Let X be an irreducible K[L]-
module. Define Xg = {v € X : (GeG)v = 0}. X, is a K[M]-submodule of
X. Since Ko[M] is semisimple there exists a K[M]-submodule X; of X such that
Xo®X;=X. TheneX = eXo+eX; =eX; € X;. Thus b1 ® X C X;. This gives
K[G](by®X) C X;. Since also K[G](b;®z) = X, we have X1 = X and so X = 0.
Let v € X \ {0}. Then there exists g € G such that egv # 0 since X = 0. Because
egv € by ® X and K[L]-module X is irreducible we have K|[(1,L,1)]egv = by ® X.
Then K[Mlegv 2 K[G]b; ® X = X. Hence K[M]v = X. We have shown that X
is an irreducible K[M]-module. This proves the assertion. (]

Note that the above theorem may be easily generalised to the case of arbitrary
monoids of Lie type.

The next question is to decide when X is an irreducible K [M]-module. We shall
see that the answer can be given in terms of group representation theory. First we
need some preparatory observations.

It is easy to see, that K[G]-module X is isomorphic to the induced module
Ind%(X) , where K[P]-module structure on X comes from § : P — L. Define
¢: X — K[G/Pl@kp X = IndE(X) by £(b;®@z) = b; @z for # € X and extending
by linearity. First we will show that £ is a homomorphism of K[G]-modules. Let
g€ G,z € X. Then g(b;,1,1) = (bgiy, 6(p(g,7)),1) where p(g,i) € P is defined by
gbi = byi)p(g,1). Hence g(b; ® x) = by;y ® 6(p(g,i))x. This gives {(g(b; ® 1)) =
E(bg(iy ® 6(p(g,1))x) = by ® 6(p(g,i))x. Since also g§(b; ® x) = (ghi) ® x =
(bg(iyP(9,7)) @2 = by(i) @ (p(g,)) = by(iy @8(p(g,i))x then E(g(b;i®x)) = g€(bi®x).
Since Ind$X = @, b; ® X, £ is surjective. But dimgx X = dimg Ind$X, so € is an
isomorphism. We can consider also I ndg,X , where K[P~]-module structure on X
comes from 6~ : P~ — L. Let us define the homomorphism of K[G]-modules

® = Ind§ p(idx) : Ind§- X — IndgX
by
O(y) =Y _b®1(b;'y) for y € Indg X
i=1
where @1 : Indg,X — X C IndIGDX is given by:
@ (px) =pidx(x) forp e Pz € X,

®y(gx) =0ifge G\ PP,z € X.
First we must show that ®; is well-defined. Assume that equality piz1 = paxs
holds in Indg,X for some p1,p2 € P and z1,x2 € X. Then there exists p~ € P~
such that py = pop~ and 29 = 6~ (p~)x1. Hence py'py = p~ € PN P~. The
homomorphisms § and §~ agree on PN P~, so §(p2)~16(p1) = 6~ (p~). Thus in
Inng we have: p1x1 = 6(p1)x1 = 6(p2)d~ (p~)x1 = 8(p2)x2 = poxa. It is easy
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to see that ®; is a homomorphism of K[P]-modules. If g € G, then g~'b; =
beiyp(g~", i) for some p(g~',i) € P. Let y € Ind$_. Then

= bi®i(b; 'gy) = Zb O1(p~ (g )by )
=1

=Y b Mg D)@, y) = Zgbg@ ®1(b, 1) —gaélb Ly) = g®(y).
=1

i=1
This shows that ® is indeed a homomorphlsm of K[G]-modules. With the above
notation we are now able to characterize the irreducibility of X.

Theorem 2.2. Assume that K is an algebraically closed field of characteristic zero
and |P~| > |P|. Then X is an irreducible K[M]-module if and only if Ind$, ,,_ (idx)
is an isomorphism.

Proof. Let {( | ) : X x X — K be an L-invariant, nonsingular bilinear form on
K-linear space X. Define ( | ) : X x X — K by (327 b; @ x| > b; @ T;) =
S {(zi|T;). Then (| ) is a G-invariant nonsingular bilinear form on X. Let
ker(e) = {v € X : ev = 0}. We claim that kere L 1®(X). Let Y\ b ®
z; € ker(e),z; € X. Since e(b;,1,1) = (b1,7(e,i),1) , then 0 = ed>\_ b; ® z; =
i @v(e, i)z, = by @Y. v(e,i)z; . So we have Y., v(e,i)z; = 0 if and
only if Y7, b; ® z; € ker(e).

Next, we will describe ®(X). Let # € X. Then by the definition ®(z) =
S bi® (b ). b =p; (py )Y, pi € Pyp; € P~ then

bi®1(b; 'x) = bi®1(p; (67 ((py )~ ")) = bib(p; )6~ ((p; )z

= bi[(?_(pi_)é(pi)]_lx = biy(e, i) a.
On the other hand biq)l(bflx) =0if b; € P~ P. Hence

O(x) = Z biy(e,i) .
iy(e0) #0
This implies that
o) = Z b @ (e, i) a.
i (o) £0
Let >.7_, b; ® ; € ker(e), z;,x € X. Then

Zb ® 2| 0 (z)) = Zb Ozl Y bhioyled) )

iy(e,) 0

= Z (zi|y(e, i) ) = Z (v(eyi)a;|x) = 27 e, i)z;|x) = (0]z) = 0.
iy (e,i)#0 iy (e,i)#0

Since X is an irreducible K[L]-module, {~1®(X) is K[L]-isomorphic to X or
0. If £1®(X) = 0 then ®(gX) = 0 for all g € G, so ® = 0, a contradiction.
This proves that the former holds. Hence dimg ¢ 7'®(z) = dimg X. Since eX
and X are K[L]-isomorphic, we have dimg ker(e) = dimyx X — dimg X. Using the
fact that £71®(X) C (kere)* and dimg £ 1@ (X) + dimg ker(e) = dimg X we get
E10(X) = (kere) ™.
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Now we are ready to prove the assertion of the theorem. Assume first that X
is an irreducible K[M]-module. Let vo € ((,cq gker(e)) \ {0}. Then eguy = 0

for all g € G. Hence GeGug = 0. Define Y = {v € X : GeGv = 0}. Y is
a K[M]-submodule of X since GeG U {0} = J U {0} is an ideal of M. Hence

Y = X, so eX = 0. This contradiction proves that ﬂgeG gker(e) = 0. This implies

that deGg(kere)J- = X. Hence X = deGgﬁ_ltl)(X) = 5_1<I>(Zg€GgX) =
¢ 10(Ind$_X) and @ is surjective. Since also dimg Ind$_ X < dimg Indg@X, ®
is an isomorphism (|P| = |P~| in particular ). Conversely, suppose that ® is an
isomorphism. Thus X = £ 1®(IndG_X) = £7'0(3 cq9X) = 2 e 96 O(X).
Hence (¢ gker(e) = 0. Let v € X \ {0}. Then there exists g € G with egv # 0.

As at end of the proof of Theorem 2.1 this implies that the K[M]-module X is
irreducible. This completes the proof.

3. SEMISIMPLICITY

Let G be a finite group. Then G admits a BN-pair if there are subgroups B, N
of G which generate G such that T = BN N < N and the Weyl group W = N/T
has a generating set of elements s;, i € I, with s? = 1 and

(i) s;Bw C Bs;wB U BwB for every s; and w € W,

(ii) s;Bs; # B for every s;.

Then W is a Coxeter group. If w € W, we define [(w) to be the minimal length of
w as a product of the generators s;,7 € I. In particular [(w) = 0 if and only if w = 1.
The conjugates of B are called Borel subgroups. Any subgroup P of G containing a
Borel subgroup is called a parabolic subgroup of G. Let W be the subgroup of W
generated by elements s; with ¢ € J for some J C I. Then P; denotes the standard
parabolic subgroup BW;B. Any parabolic subgroup P of G is conjugate to a unique
Pj. Tt turns out that W; has a unique element (wp); of maximal length. Then
(wo) s is of order 2. Write (wg); = wo and B~ = woBwg. Then P, = B-W;B™ is
a parabolic subgroup of G which is called opposite to P;y. We will assume as in [1,
chapter 2], that G admits a split B-N pair satisfying some commutator relations.
Then there exists a normal subgroup U of B such that B=UT,UNT = {1}. Let
® be the root system of W and A = {aq, as,... ,a;} C ® (I = |I|) the set of simple
roots. Each root o € ® has the form o = Zi:l A;a; where either all \; > 0 or
all A; < 0. Roots with all A; > 0 are called positive roots (a > 0) and their set is
denoted by ®*. Let Ay = {a; : i € J} (J CI). Define ®; = W;(Ay). Then ®;isa
root system for W; with the set of simple roots A ; . We also define subgroups of G:
U~ =U% X, =U0nU¥* U, =UNUY" forw e W. fw(a;) = a,w € W,a € D,
we will denote the root subgroup wX;w™! by X,. The definition is independent of
the choice of w and «;. Then U, is a product of Xz such that 5 > 0 and w(3) < 0.
Let Uy = UNUW) Uy = UNUWW) L, =(T,X,:a€ ®;) (= P;nPy).
Then Uy, U} are normal subgroups of P;, P respectively and we have the Levi
decompositions P; = UjL;, P, =U; Ly with UyNL; = {1} ,U; NnL; = {1}.
Ly is called a Levi factor of Py. Any Levi factor of P; is conjugate to L by some
element of U;y. U;,U; are called unipotent radicals of P;, P; respectively. Uy is
the product of Xg with 8 > 0 and 8 ¢ ®; in any order. Let Ji, Jo» C I. We define
Dy g, = {w eW: w_l(AJI) >0 and w(Ay,) > O}. Then W = Wy, Dy, 5,W,
and any w € Dy, j, is the unique element of minimal length in W, wW,. Moreover
we have G = | | Pj,wPj,. See [1, chapter 2], for details.

weD 1y
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Next we restrict our attention to monoids M = M (G, P, P~, L) where G is a fi-
nite group with a split BN-pair satisfying some commutator relations and P, P~ are
parabolic subgroups of G with a common Levi factor L. Then P=UL, P~ =U"L
where U,U~ are the unipotent radicals of P, P~ respectively. Homomorphisms ¢
and 6~ are defined by 6(ul) = 1,6 (u7l) =1l forl € Lyu € Uju~ € U~. The
monoid defined by (gPg~',gLg~ %, gP~g~'), g € G, is isomorphic to that defined
by (P,L,P~). Let us write (P,L,P~) ~ (gPg~',gLg~',gP~g~!) in this case.
We will find g € G such that (gPg~!,gLg™!,gP~g~!) is 'standard’. There exist
91,92 € G and J1,Jo C I with P = ng,P_ = ng Since G = Py, Dy, j,Py,, then
9192_1 = pywps where p; € Py, w € Dy, j,. Thus

_1 -1 1 —lypy—1lp—1
(P,L,P7) ~ (Py,, L9 P77 )~ (Py, L9 P2 " P10

~ (PP Lo (PR Yoy = (P T PE Y,

So we can assume that P = Py, , P~ = P}“;l,w €Dy, g, Next L = U]_LJlul_l =
(upLsuy )" for some u; € Uy,. By [1, Prop.2.8.3] Py, N P}‘;fl C Pg where
A = AJl ﬁw(AJ2). Hence ulLJlul_l C Pg. Since U;, C Uk, then L; C Pgk.
This gives Py, = Uy, Ly, € Pg. So J;1 C K and Ay, C w(Ay,) by the definition of
K . Similar considerations applied to Py, N Py (w™! € Dy, ;) allow us to prove
that Ay, Cw™(Ay,). Hence Ay, = w(Ay,). By [1, Th.2.8.7]

Py NPy = (U nUY YUs NLY )Ly NUY Lk

where A = Ay, Nw(Ay,). Since Ay, = w(Ay,), we have K = J;. By [1, Cor.2.8.8]
UpNLY " ={1}and L;, NUY " = {1}. Hence Py, NPy = (U, NUY )L;, =
Uy, N U}‘;fl)L. This proves that § and §~ agree on Py, N P}‘;fl.

Next we will show that Uy = (U;, NUY YUy NUY ). Since Uy is
a product of X&”fl, where @ > 0 and o € ®,, in any order, it is sufficient to
show that X¥ ' C Uy, N Uf]‘;fl or X' C U;n U}‘;fl. We see that w(a) ¢
w(®y,) = ®;,. Hence, if w(a) > 0, then X¥ = we) € U N Uf]‘;fl and, if
w(a) < 0, then X,y € Uz N U}”;l. So we can factorize u¥  as u¥ = Uyl
where @y € Uy, N\UY, @ € Uy NUY . Thus

—1 —1— = =—1 —
uy uiljuy o =wilyuy, C Py NPy =1Ly,.

So Ly, = ay 'y Ly,uy '@ This gives L =a; Ly, ;' Here w € Uy, NUY . Now
we have
w L Hfl w L U | w7151 w1t

(PJ1aLaPJ2 ) ~ (PJULJI aPJ2 ) ~ (le 7LJ1aPJ2 ) = (PJI’LJ17PJ2 )
So there is no loss of generality in assuming that P = Py, L = L;,, P~ = P};fl
and w(Ay,) = Ay, (this implies that w € Dy, 1,).

Let K satisfy Ky C Jy. K» is defined by w(Ag,) = Ak, . Clearly Ko C Jo. Let
Y be a K[Lg,]-module. Consider the homomorphism of K[G]-modules

¢ = IndC ~i(idy) : IndS,, Y — Ind§, Y
Ka

Prc, Py,

defined as before Theorem 2.2 (K [Pﬁ;]-structure on'Y is determined by the trivial
action of U}gl and similarly K [Pk, |-structure by Uk, acting trivially). Pk, N L,
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is a standard parabolic subgroup of L, and we have the Levi decomposition Px, N
Ly, = (Uk, N Ly, )Lg,, cf.[1, Prop.2.8.9]. Similarly we define
-1
Ly,

Ly . LY.
=Ind_ ! tdy) : Ind ? Y — Ind Y
¢ PKl ﬂL‘]17(PK2ﬁL12)“’71( Y) (PKzﬁsz)w71 PKlmLJl

(here (Ug, N Ly,)" Uk, N Ly, act trivially on suitable copies of Y). Finally, we
define

-1
w
LJ2

(PKzﬁsz)w71

G A G Ly
IndPJl)P}g,l (¢) : Indpz,l (Ind i, NLJ,

Y) — Indﬁh (Ind Y)

-1
w
LJ2

(PK2 ﬂLJz)w

L]1

(where Uj;f;l acts as 1 on Ind Y [ Uy acts as 1 on Indp‘KlmLJlY).

Notice that I nclIGgJ1 I ndlLD';:lm L, Y=1I ndIGDK1 Y. The following lemma is an analogue

of this equality for Ind homomorphisms.

Lemma 3.1. With the above notation we have

. Ly
Ind® _(idy) = Ind® 1 (Ind "t _
PK17P;21( v) Py Py i Pre;NL gy (PryNLgy )@ ™

(idy)).

Proof. By the definition of homomorphisms of type Ind we have

-1

G - = T — LY
(IndPJl)P}g—l (¢))l(pJ1y) - pJ1¢(y) for Py, € PJ17y € Ind(PfqzﬂL‘]z)w71 Y.

Let px, € Pk,. Then px, = uy,ly, for someuy, € Uy, l;, € Ly,. Since uy, € Uk,
we have l;, € Pk, N Lj,. Moreover, let y € Y. Then

((Ind$ L (@)1 (pryy) = (Pr 6 W))1 = (sl ()1 = (L d(y)

Py, Py
= (@(lny)r = d1(lny) = lny = unlny = pry = (Ind§_ - (idy))1(pr,y)-
105,

Next we prove that ((IndIGD LN 1)1(gy) =0 = (IndgK _1(idy))1(gy) for

715 Py 1 PK,
g ¢ Pk, P}g;l and y € Y. The second equality follows from the definition. The first
equality holds if g &€ Py, P};fl since (Ind® 1 (#)1(g9y) = 0. So we can assume

Py Py

that g = lepij’;l for some pj, € Pj,. Moreover, let py, = uyly, D1, = uply,
where uy, € Uy, l;, € L;j,. Then we have

((ndf, s @)01(gy) = [T s Gy @ )

=[(Indf s @)1 (@, ) = 2805, )1 = (unln @5, w))s

— —1 — -1 — -1
= (nely, ) = (@Unly, y)i=oi(lnly, ).
Since ., L, uf“]”;llb”;1 ¢ Pg, Pﬁ; by the assumption, then

w™t - _ w1 w1l
lJllJ2 ¢ (ujllpKl)(PK2 (qul)lJ2) = PK1PK2 .

This implies 1;,1% " ¢ (Px, N Ly, )(Px, N Ly,)" . Hence
— — -1
((IndS 1 (9)1)1(gy) = 61 (11,15, y) =0.
Py, ,PY

We have proved that

((IndIGDJ1 P (@)i)(gy) = (I”dgKl Pt (idy))1(gy)
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for y € Y, g € Pk, and also for g ¢ PKlP%:. So ((IndIGD Pw—l@))l)l =
71.P7)
(Ind®

B pu-t )1. This establishes the desired formula.
K1

Ka
We are now ready for the main result of this section.

Theorem 3.2. Assume that M = M (G, P,P~,L) where G is a finite group with
a split BN-pair satisfying some commutator relations and P, P~ are parabolic sub-
groups of G with a common Levi factor L. Let K be an algebraically closed field of
characteristic zero. Then the semigroup algebra Ko[M] is semisimple.

Proof. By [3] we can assume that K is the field of complex numbers. We know,
that it is sufficient to prove the theorem for P = P;, L = L; , P~ = P}‘;fl
where w(Ay,) = Aj,. By the symmetry of our problem it may be assumed that
|P~| > |P|. By Theorem 2.1 it suffices to prove that all K[M]-modules X , where X
runs over the set of all irreducible K[L j,]-modules, are irreducible. Fix some X. In

view of Theorem 2.2 this is equivalent to I nd}cj pu-i (idx) being an isomorphism
a1 P5,

of K[G]-modules. Suppose that the representation of L;, in EndgX is cuspidal.
This means that the K[L, ]-module X is not a component of any induced module

IndILD'I’(llmLJlY, where K1 C J; , Y is a K[K;]-module and Uk, N L, acts trivially

onY. Asin [1, 10.1] we will consider a functional representation of IndgllX. Let
p: Ly — EndigX be the associated K-representation. Consider the set F of all
maps from G to X. F may be made into a left K[G]-module by (gf)(z) = f(xg)
where z,g € G, f € F. Let F(J1, p) be the subset of F defined by

F(Ji,p) ={f € F: f(pg) =pf(g) forp € P;,,9 € G}.

By [1, Prop.10.1.1] K[G]-modules F(.J1, p) and IndIGngX are isomorphic. Let us
define a K[G]-homomorphism 7 : F(Jy,p) — InnglX by 71(f) = >i_, 97 " f(gi)
where f € F(J1,p) and G = ||;_, Py, g; with g1 = 1. In fact 7 is an isomorphism,
cf. [1, proof of Prop.10.1.1]. The inverse homomorphism is determined by 7, ! () =
fu,x € X, where f, satisfies f(p) = pz for p € Pj, and f.(g) = 0 for g € Py,.
Similarly we can define a K[G]-isomorphism 75 : F(J2, p*) — Ind%2 (w™1X). We
have also an obvious K|[G]-isomorphism 7/ : [ nd}cj}u,1 X =T ncl}ciJ2 (w™1X) given by

2
7'(x) = x for x € X. Let 7 = 7, "7’. Finally, consider the K[G]-homomorphism

Ou + F(J2,p*) — F(J1,p) defined by 0., (f)g = |Us, |7 3 cp,, f(w™ ug) for any
g € G, see [1, Prop.10.1.3]. We get the following diagram of K [G]-homomorphisms.

1

O
F(J1,p) F(J2, ") ‘&_1
T 7 Ind% (w™X)
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Next we will establish a link between 6,, and Ind® pu—1 (idx). We claim, that
J15E g,
Un US|
——2—Ind —1 (edx).
|UJ1| " P‘]l’P}L; 1(2 X>

Suppose g € G,x € X. Then we have

(2) 710, =

(11007)1(92) = [110,T((gw)(w™" z))]1 = [110u(guwT(w™'z))]s

= [ (Ouw(gwfe)h = 0u(gwfe)(1) = [Un|™" Y guwfo(w™ u)

uelUy,

— A Y flw ugw)
wel,
If fo(w™tugw) # 0, then ug € P};fl. Hence g € Py, P};fl. This gives (1160,7)1(92)
=0if g ¢ Py, Py . Next, let g = p; € Py,. Then py = uyly with uy € Uy, 0y €
Lj,. Hence f,(w™tugw) # 0 implies that wuil; € P}‘;fl. Therefore uu, € P}‘;fl N
Uj, = Uf]‘;fl NUy, , the equality following from [1, Prop.2.8.6 and Cor.2.8.8] since
w(Ay,) = Ay. So we have f,(w lugw) = vui(lyx) = l1x since uu; € U}‘;fl. In
this case (110,7)1(gx) = Uy, N U‘%71||UJ1|_IZ1$. We have shown that (110,7)1 =

Uy, N U3, U |7 IndS - (idx))1. This gives (2). According to (2), in order
a1 P5,
to show that I ndg pu-i (idx) is an isomorphism, it is sufficient to prove that 6,,
J10 g,

is an isomorphism. This was done in the last part of the proof of [1, Prop.10.7.9].

Finally, assume that the representation of L in Endx X is not cuspidal. Then
K|[Lj,]-module X is a component of Ind}L,leLhY where Ky C Jp,Y is an irre-

ducible K[Lk,]-module whose associated representation is cuspidal and Ug, N L,
L"l

acts trivially on Y.  We know that & = IndPKlmL.]17(PK2 AL gyt (idy)
is an isomorphism. Since @5’1()() : 5_1()() — X is a component of ®
G = . . G = . .

then IndP.zl,P}“zfl (P[5 1(X)) is a component of IndP.zl,P}“zfl (®) which is equal to

Ind® _, (idy) by Lemma 3.1. The cuspidal case implies that Ind® _1 (idy)
Pic, P Pic, P2

. . . G >N . . .

is an isomorphism. Therefore IndPJl)P}uz,l(CIﬂafl (X)) is an isomorphism. But
G - -~ G . G . .

IndP',17P‘}L’271(¢|$71(X)> ~ IndPh)P}u,l(de), hence also IndPh)P}g,l(de) is an

isomorphism. This completes the proof.

The above theorem yields in particular a new proof of the semisimplicity of
Co[M] for monoids of Lie type M, originally proved in [6].

4. DECOMPOSING SANDWICH MATRICES

Let S = (s;,) be the sandwich matrix of the monoid defined by (Py,, Lj,, P}"),
where wq € W, w1(Ay,) = Ay, , with respect to the following coset decompo-
sitions G = |];b: Py, = |; Pj'a;. Let S = (3k;) be the sadwich matrix of
(Pt Ly, Py2*t) where wa € Wowa(Ay,) = Ay, with respect to G = | |; aj_lP}”;
= |y P> ck. Consider also the sandwich matrix S = (44.) of (Py,,Ly,, Py2et)
with respect to G = | |; b; Py, = |, PJ.>"" ck. With this notation we have
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Theorem 4.1. Assume that [(wyw;) = l(wz) + I(wy). Then S8 = 8.
The proof will be preceded by a sequence of auxiliary lemmas.

Lemma 4.2. Assume that o > 0,wz(a) < 0 and [(wawy) = l(ws2) +1(wy) for some
o€ &, w,wy € W. Then wi *(a) > 0.

Proof. We proceed by induction on I(ws). If I(wg) = 0, then the claim is obvious.
So suppose I(wz) > 0. Then there exist s;,% € I and wh, € W such that wy =
siwhy and I(wg) = l(wh) + 1. Assume first, that w)(a) > 0. By the hypothesis
si(wh(a)) < 0. Hence wh(a) = «;. This gives a = wy *(a;). So we have to
prove that w; 'wy *(a;) > 0. By [1, Prop.2.2.8] this follows from the equality
Hwy twy ts;) = l(wy 'wy ™) + 1. Tt remains to consider the case where wj(a) < 0.
Since o > 0, wh(er) < 0 and I(whw) = [(wh) + I(w1), we can apply the induction
hypothesis to w} and w; to obtain w; ! (a) > 0.

Lemma 4.3. Assume, that w1(Ay) = Ay, we(Ayp) = Ay, and l(wowy) =
l(we) + l(wy) for some wy,we € W. Then

(a) waUs,w1 CUpwewi Uy,

(b) UJQPJ2U)1 Q PJg’UJQ’(Ulle.

Proof. (a) By [1, Prop.2.5.11] we have U = Uygw,Uw,. Since Uy, is a product of
certain root subgroups we have also Uy, = (U, N Uwgws, ) (Ug, N Uy, ). Hence

woUpwr = wa(Ujgy, N Uwgw,)(Ugy, N Uy, )wr
—1
(3) = (UJz n Uw0w2>w2 (w2w1)(UJ2 n Uwz)wl'
First we will prove that (Uz, N Uwgw,y)®2 € Usy. Ugy N Uy, is a product of
Xo where a > 0,0 ¢ @, and wowz(e) < 0. This implies that we(a) > 0 and
—1
wa(a) & wy(Py,) = ®y,. Hence X,2 = wa(a) © Uy This proves the desired
inclusion. Next, we claim that (Ujy, N Uy, )"t C Uy,. Uy, N Uy, is a product of
Xo with @ > 0,a € @, and wa(a) < 0. By Lemma 4.2 the first and the last
condition imply that w; ' (a) > 0. We have also w; (o) ¢ w; *(®,) = ®,. Hence
XX C Uy, proving the claim. In view of (3), the two established inclusions imply

that (a) holds.
(b) Now, using the first assertion we have

w2PJ2U)1 = ’wQszLszl = ngszle“]”; g by (a)
C UpwounUy, Ly, C Prwswi Py, .
Lemma 4.4. Assume that wi(Ay,) = Ay, wa(Ay,) = Ay, and l(wowr) = L(we) +

l(wy) for some wy,ws € W. Moreover, if wauswy = ugwawiuil for some u; €
UJ“l S LJI; thenl = 1.

Proof. By Lemma 4.3(a) there exist uj € Uy, and u} € Uy, such that wousw; =
uswawiuy. Hence by the hypothesis ufwawiu] = ugwawiugl. This gives ullu'l_1 =
(wowr) " tuz uh (wewy). So we have uylu) b € Py, N Uyt = Uy, NUG, the
equality following from [1, Prop.2.8.6 and Cor.2.8.8] since (wow1) 1 (Ay,) = Ay,.
Thus ! € Uy,. Then Uy, N Ly, = {1} implies that [ = 1.

Lemma 4.5. Assume that wi(Ay,) = Ay, wa(Ay,) = Ay, and l(wawy) = I(we) +
l(wy) for some wy,ws € W. Then Uy, N U‘(ﬁwmrl cU
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Proof. The assertion is equivalent to
UNU®Is (U AT )@e)™ (U ue)se)ws’

Hence it is sufficient to show that

(i) UNU®2w)™" C gws’

(i) U®o)ss nywo)n (wew)™ C gwo)mwy”,
To prove (i) first note that U N Uww) ™" = wo(wawy)~1 18 a product of X, where
a > 0,wo(wawy) " a) < 0. Hence (wowy) *(a) > 0. If wy'(a) < 0 then by
Lemma 4.2 (where a stands for w; *(—a)) wy'wy*(a) < 0. This contradiction

shows that wy (@) > 0. Therefore X, C U™2 1, which proves the first inclusion.
Next we transform the second inclusion to the form

U(w(l)]g 8 U(w2w1)71(1U21U1)(w0)]1 (w2w1)71 g Uwglwg(wo)sz;I'

This is equvalent to

(](’LUQ)J3 N U(w2w1)*1(wo)';3 g Uwgl(’u)g),]g.
Conjugating by (wo)s, we get (i). So the lemma follows.

Lemma 4.6. Assume that wi(Ay,) = Ay, wa(Ay,) = Ay, and l(wowr) = L(we) +
l(wy) for some wi,ws € W. If moreover wausw, = uswowiuy for some u; € Uy,
-1

then ug € Uj;;z .

-1

Proof. By the proof of Lemma 4.3(a) there exist uj € Uy, us € Uz, N Ujf; such

that wouijwy = uhwowiu). Hence by the hypothesis ug(wowr)u; = uf(wowy)uj.

This gives uj 'uz = (wowy )ujuy (wawy)~ . Thus by Lemma 4.5 uy ‘usz € Uy, N
1 -1 -1 -1

Uﬁuzwl) C Uj;;z . Since uf € Uj;;z we have usz € U}U; .

Proof of Theorem 4.1. We have to show that 3y ;s;; = Sk in K[L,,] for any
k,i. First, assume that there exists jo with 5, # 0 and sj,; # 0. In this
case ckaj_gl € P}ZWIP}ZI and a;,b; € P}?PJl. Hence ckaj_gl = uy*"uy" 5, 5, and
ajobi = 8j,.suy uq for some u; € Uy,, e € Uy,. It follows that

1

—1 -1, —1 R —1
cb; = Cray, ajob; = Wi Wy T UIWUW1 Bk o Sjo,i W] U2W1UT.

On the other hand
Wo W w -1, -1
crb; € PJ32 1F)J;IDJ1 = Wy Wy PJ3 ('(UQPJ2w1)PJ1 -
-1, . —1 o W w1
Q Wy Wey PJ3 (PJs'LUlele)PJl = ]DJ3 PJl
by Lemma 4.3(b). Thus cxb; = wflwz_lﬂgwgwlﬂlém for some @y € Uy, u3 € Uy,
which are independent of j. Comparing the obtained expressions for cxb; we come
to .
UsWal2 (Sk,jo Sjo,i) 1 UswiUr = Uswowi Ui S ;-
- —1y—1
— —_ ~ A A w18 in S, i W
Hence ugwa (Waus)wi (S, jo 85o,i)u1 = Uzwawit 8x; where uy = ué 1Skdo Si0.i%1 )
Uyj,. Therefore
— —1 oA —la—1\[a (= -1
wa (Upuz)wr = (uz a3)(waw:) (A1 8k, Uy 85 ;) [5k,i (Sk,j0Sjo,i) ™ |-
Lemma 4.4 implies that 8y ; (S joSjo,i) " = 1. Thus Sk_j, $jo,i = 8k,;. For any j such
that 5 ; # 0 and s;,; # 0 we have

w2 (ﬂgug)wl = (’U,B_l’&g)(wal)(ﬂlghiul—lgg)%).
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—1
. . —1 A~ w —1 A ~— — ~
Lemma 4.6 implies ug Lig € UJ; . Hence ug Lig = Walsy 1w2 L for some 1y € Uj,.

—1
. . A ~W
This gives ug = 43, > . So we have

-1 _ -1
Cra; = Wy

’wQ_I’UBUJQﬂleng‘ = wl_lwz_1ﬁ3w2ﬂ2w;1w2ﬂ2w1§kd

= ’&g)zwl (ﬂQﬂg)wlng (S ﬂg}zwl Pj;;l .

Hence a; € P} (43 1) w21 ¢y, Since 43 is independent of j, the index j is determined
uniquely. Hence - ;5k,j8ji = Sk.joSjo,i = Sk,i-

It remains to consider the case where, for every j, 55 ; = 0 or s;; = 0. We have
to prove that 3;; = 0. If 5;,; # O then there exist 4; € Uy, and 13 € Uy, such
that cib; = wflwglﬂgwgwlﬂlém. Choose j with a; € P}”; (ﬂgl)leck. Then

kaj_l = P}”;““P}”;, hence 5 ; # 0. Moreover

a;b; = (ajc; ") (crbs) = (aje ) (a5 )ia dr i

w1 (~—1\wowi fWaw1 5 4 w
€ Ppt(tag )" ag* " i sy, C Pyt Py,

This implies that s;; # 0. This contradiction completes the proof.

Our last aim is to obtain a useful decomposition of the sandwich matrix. Let
J € Ianda € A\A;. We then define wo, s € W by wa, 7 = (w0) jufa} (wo)s. Recall
that (wo)jufay and (wo) are the elements of maximal length in the Coxeter groups
with simple root systems A; U {a} and A, respectively. Let Ji,J' C [,w € W
and w(Ay) = Ay . Then by [1, Prop.10.7.2] w can be expressed in the form
W= Way Jy - - - Way,J, Where l(w) = Hway,g,) + -+ W Way,0y)s @1, .. ,ap € A and
Ji,...,Ji € I are such that wq, 7, (Ay,) = Ay,,, and Ji41 = J'. Hence by Theo-
rem 4.1 the sandwich matrix of (Py,, Ly,, P%) = (P, Ly, P3,"*7* 171 ) may be
expressed as a product of matrices which are conjugate by some elements of W to
sandwich matrices of type (Py,, Lj,, Pz"“‘“) where wq. 5, (Ay,) = Ay, J1,J2 C 1.
In particular, the problem of finding the inverse of the sandwich matrix is reduced
to this case. We will investigate the sandwich matrix of the latter type. We start
by choosing convenient coset representatives for parabolic subgroups.

Lemma 4.7. Consider coset decompositions L, ugay = |; bi(Pr, N Ly ugay) =
L, (Pj}l;"“‘]1 NLjugay)aj and G = |, cxPrugay- Then G is decomposed as follows:
G = I—lkz CkbiPJl = I_lj,l P}U;’Jl ajcl_l.

Proof. First we show that the cosets cxb; Py, are disjoint (similarly, one shows that
PZO"‘]I ajcl_l are disjoint). Assume that ¢, b;, Py, = cg,bi, Py, Then b;lc;;cklbil €
Pj, . Hence c,;;ckl S bizpjlbi_ll C Pj,Ufa)- By the hypothesis we have k1 = ka. So
bz-_zlbl-1 € Py, N Lju{ay- This gives 71 = i2. Next, we prove that G = U,m- cbi Py,
and G = Uj)l PZO"‘]I ajcl_l. If g € G then g € cx Py uqq) for some k. Hence g = cxul
for some u € Ujutay,! € Ly ufay. Similarly I € b;(Py, N Ly ugay) for some i, so
I = bjp where p € Py, N Ljufa)- Then we have gPj, = cpulPy, = cpubipPy, =
Ckbi(bi_lubi)le = ¢b; Py, since bi_lubi € Uj,u{a}- Now, consider the second coset
decomposition. Let g € G. Then g € PJlu{a}Clzl for some k. Hence g = ulc,;1
with v € Uj,ugay and | € Ly uiq)- Similarly | € (PZ""]1 N L j,u{ay)a; for some j.
Thus | = pa; where p € PZQ’Jl N Lju{ay- Then we have PZQ’Jlg = PZQ’Jl ulclzl =
Py upaje;t = Py aje; " provided that Uy, ey C€ Uy™". So it remains to
prove the last inclusion. Uy, 4} is a product of root subgroups X where 3 > 0 and
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B & ®j,ufa}- Hence (wo)s, (B) > 0. This implies that (wo).,ufa}((wo)s, (6)) > 0
since (wo), (B) € ®j,ufa}- Therefore wy, 5, (8) > 0. Moreover wq, 5,(8) € Py,

w ! w
since w7, (Ay,) = Ag,. So Xg*7" C Uy,. This gives X5 C U, """, Thus the
lemma follows.

Let D = (d(;,1),(k,i)) be the sandwich matrix of (Py,, Lj,, Pf;;"“"l) with respect to
the following coset decompositions G = | |, ; cxbi Py, = |}, Py et Let E =
(e4,i) be the sandwich matrix of the monoid defined by (P, NL s, u(a}, L, PZO"‘]I N
Lj ugay) (with the group of units G = Lj,u{s}) With respect to the coset decom-
positions LJlu{a} = |—|i bi(PJ1 n LJlu{a}) = I_lj(P;;a’Jl N LJlu{a})aj. With this
notation the structure of D can be described as follows.

Proposition 4.8. We have
(@) dijy. (ki = O for k #1,

(b) djky, (ki) = €ji-
That is, D has a block diagonal form with the diagonal blocks equal to E.

Proof. Assume that d(; ) (k) 7# 0. Then ajcl_lckbi S PZO"‘]I Pj,. Hence cl_lc/zC S
a; ' Py " Prb; !t C Pjuay since Py " Py, C Pjugay- This implies that k = I,
so (a) is proved . This gives a;b; € P;;“"l Pj;,. Hence a;b; = u;)a"lluld(j,l)y(m) for
some u; € Uy,. Since ug}o“‘“,ul € Pj u{a) then u;)a’]l = Tpl,u; = ! for some
u; € Usugay and [l € Ly ugay- By the last part of the proof of Lemma 4.7 we
have Uy, oy € Up""". Hence | € U™ N Ly, ugay - Similarly T € Uy, N Ly ugay
since UJlu{a} C Uy,. So we have a;b; = ﬂQZﬂJd(j)l)’(k’i) e ﬂQ(lﬂll_l)(ﬁd(j’l))(k)i)).
Since ajb; € Lj,uqa} then Ty(lwl~!) = 1. Hence

ajbi = ﬂd(j,l),(k,i) S (P}l;a"]l N LJlu{a})(PJI N LJlu{a})

with [ € UZQ’JI N LJlu{a}7Z cUs N LJlu{a}. This proves that d(j,l),(k,i) = €j,
(k = 1) in the case where d(; 1) (ks) 7 0. If d(jr) (k) = 0 then e;; = 0 by the
definition, so we have also d(; k), (ki) = €j,i- This completes the proof of (b).

Since Py, NL j,u{a} P;;“"l NL j,ufa) are maximal parabolic subgroups of L j, fa}
with common Levi factor L, , they are also opposite. Therefore, by the paragraph
preceding Lemma 4.7 together with this lemma and Proposition 4.8, one is reduced
to considering monoids M = M (G, P, P~, L) where P and P~ are opposite and
maximal parabolic subgroups of G.
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